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Solving systems of
polynomial equations

Posted on 13 May 2017 by John

In a high school algebra class, you learn how to solve polynomial equations in one variable,
and systems of linear equations. You might reasonably ask “So when do we combine these
and learn to solve systems of polynomial equations?” The answer would be “Maybe years
from now, but most likely never.” There are systematic ways to solve systems of polynomial
equations, but you're unlikely to ever see them unless you study algebraic geometry.

Here's an example from [1]. Suppose you want to find the extreme values of x* + 2xyz - on
the unit sphere using Lagrange multipliers. This leads to the following system of
polynomial equations where A is the Lagrange multiplier.

327 +2yz — 22\ = 0

2rz—2y\ = 0 Discrete example of concentration of
— 222 = 0 measure
Nearly all the area in a high-
=1 =0 dimensional sphere is near the
equator
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Latest Posts

2zy —




VAN A2 SRR

IR EALEY

#E RBJUD

¢ IHEIRIE

® BRSO
& BIRREFSII
’ s

* EE.
-

v FH

* RESLMTR
& LIRS REVEER,
MR HHE. XARF



K N

TLAFT 5 R L S E HLE A IEF)
@
“,
G
128 55 A 5 i



AR T

Durchblick Eistiite




glIE

A& i

o I VS #ill — MERIEX VS JLITE R
o [AFIR VS WRFoR

E % /fﬁ i& EEB ﬁ ¢ http://homepage.univie.ac.at/herwig.hauser/bildergalerie/gallery.html


http://homepage.univie.ac.at/herwig.hauser/bildergalerie/gallery.html

& ZALURE

EXE v
FRE RPEAS Lt BT I
U {
Bl SKIRLEMERIAL  SRARE I AL
U {
REON S ks LA /1K
THSIE mlRNEE 80/ Grobner g

TS5 Matlab/LinBox Maple/Mathematica
FghE (VS BT E)

THENREOORFT S8, EEACHAAA S XM EA S, 1%
WFFCUTREAT IXEE A5 5 2Z T ROR A Ia 5, DRI AT it 22

o MfETHEL: iRE. BEREN. WHGEE. THMER

o (FR) Frerh s B AR Siaf: Wmini Lk



i’%%ﬂf zlg/flil IO
o ARME 48 W WHITAE 32 24T (II?)
o HM: (ZIiED) . TARWY, BRIAE, S5HE HAL.

- -
wERLE

r David Cox
E2TEW e AR (52w o e
L. 5w ne ornan
L LR Ideals, Varieties,

and Algorithms

Dusicie Cuestatons Hishole
Gty ond ot

“Third Edition
B HEWE W

BLiLiens nxpm - 2enicey

o (IFELHLMD . ERYI, FRAL, 7], WEKEURTAE, 2007

o (ldeals, Varieties, and Algorithms) (3rd Edition). D. Cox, J. Little,
D. O’shea. Springer, 2007 (511, (HAR. HEHEIE) )



WRFEREA N2 b/ SE8 4

O ZUiUSEAl (10 BRI, AP
o UM, Wit wIP. &R B RARTF VA
Q@ Z Uiz HT R (12 PRI, AP
o Groebner 757k, Mk 20T FEA K iR
Q HESREULMT (8 PRIy, AWP
o SN, SEMRFRE . FETRARE R
Q HEHAREL RS (2 VI, AW
Q IHHEA A S REULAT (8 BRIy, 40
o MM EMHUK. FARMIEAIZH . BEAR S BRI /3
Q N (8 MK, 4O
° {E}E%ﬁﬁ‘]m%‘%ﬁfiﬁﬂ\ 2k 5 M k5. o R etk
7]

Wk 4/3 TERA,  BL 4/3 IRKAENLER S 150 4F N 5 i st



Co
LI — W R A 5



1.1

g

T LAl



2 1A

EQTE:N
W R WAL ICHIAZIIN, @1, ... 2, N R _ERIRETC.
PRGN aft -2 (= 0) AKRT x4,z BT (term), 1]
ol o, Hh x Fl a 5 ERREE (21, ..., 20) F (ag, .. ).
o a; N o™ KT z; MIIREL (degree), i A deg(z™, =)
° i+ -+ an A ™ KK (total degree), ich tdeg(x®).

AWM F=>_cax™ (ca €ER) AR EXT 2,...,2, NZ
Tz (polynomial)
Co N FRTI 2™ M REL (coefficient), iE4 coef(F, z¢)
oca 70, WFR co ™ N F I HI50 (monomial).
o FRTAIC x; MIIKEL (degree)

deg(F, z;) := max{deg(z*, z;) : coef(F,x™) # 0}
F )24 (total degree)

tdeg(F) := max{tdeg(x®) : coef(F,x*) # 0}



2 AT

2 AR

XNT R EXRT o,z MEEZIA F=3_0z G=
Yo ba ™, & XIEFSFEEAN T

F+ G:= Zaa+b Yo, F-G:= Zq ,

o Cy = Za+[3:’7 (Iab@.
fie bakse g, R ERT o, .., @, WA 20041
BRI M ey SR TC AT A, B R ERT @, I
A (polynomial ring), WA Rz, ..., z,] 8L Rl].
o Y n=1H, FRA—ICLLIAIF (univariate polynomial ring);
o Min> 1, Rla] BAZICEZ U (multivariate polynomial
ring).



EATE

Z i NI AR, TP
BTG w1, x, PR BAEINESIEN T(x): 2 < <

H£E Tx) LSRR < BMIUT (term ordering), WIH:
Q XMER pua, po, p € T(), # 1 < pa, W pupn < pupa;
Q < HRF, B T(x) PMERIEFFEKXT < #Hm/INIT.

Bar=a...00n 2B = e T(a)
Q@ Uiy (lexicographical order): * <., 2° &
FEI(A<i<n),o=p0 ((+1<j<n) H a<pB;
Q@ MK FULT (graded lexicographical order):  <gnex 2° &
tdeg(z®) < tdeg(a®), W#H tdeg(ax®) = tdeg(a®) H a* <oy 2°

Q@ /r iU “F )Y (graded reverse lexicographical order):
z <grevlex mﬂ e

tdeg(z®) < tdeg(a?), B# tdeg(x®) = tdeg(a®) H 2¥< o’



Ty

WATTFN o< y< 2 2T
Pyz+228y24+ 3aP + 4122 € L, y, 4

AT SR T R4 RS B WK E/NHES:
49?22 + 283y2+ 2Pyz+ 3 xy;

FHT: 283y2+ 4922 + Pyz+ 32,

i

i
FHF: 283y2 + 422 + 31 + Py

> “H} “H}

s

o Tl
o 73K
° JFIK
WF=73 cax® N Rlx] THAFEZ WX, < A Rla] LHIUF,
W FxT < 1

o i (head term): ht(F) := max<{pu: p € T(F)}

o IR 4 (head coefficient): he (F) := coef(F, ht (F))

o LI (head monomial): hm_ (F) := he<(F) - ht<(F)
FEARGHEIBFERITGOL T, 73554 ht(F), he(F) M hm(F).



T

W< h (x) ERFRR, W < H R HAY T(x) PER
JURE T IR AL

o UEW]: AAAEANZ LRI M 8 041
o IR BEH H F KA I 2 I SAEA M 24 1 1L

R 116

éf?%?\ <lexs <grlex Al <grevlex i’gﬂgIﬁ}?

o NI{UIEITFHT <o MITETE: FIH FiR 52
o WiIFHLF ALY,



2 I AT

Fj?ﬁ k (1 < k < Tl) %Bﬁ R[ZB] - R[‘Tlv"' > Tk—15 Tht-15 - - '71.’/7/”:&6]'
Fe Rla] W LSRN HEFER

dy,
=0
Hh Cre R, oo, W1y Tpt 1y - - -, ), dy=deg(F, zx), H. Cy, #0.

M Caqp N F RTAZTC a5, K13 R AL (leading coefficient), it
jj lc(F, xy).

XfFe R\ R, X F 1
o kK (class): F P& Ui K MR
cls(F) := max{k: deg(F,zx) > 0,1 < k< n};
o L (leading variable): 1v(F) := zqg(p)
o FIX%L (leading degree): ldeg(F) := deg(F,lv(F))
e #J2L (initial): ini(F) := lc(F,Iv(F))



2 I A KA

2 I AT

HHE Lz, ..., 23] FEIA

F=4xma3+423 — 525 — 3maaas + 72223
XﬂL”}EfEJ? T < T2 < I3 U\&Iﬁ? <lexs ’@EJ%’L—H

ht(F) = mya323, he(F) = —3, hm(F) = —3 z 2543,
cls(F) = 3, Iv(F) = 23, ldeg(F) =3, ini(F) = —3 43 + 4



0 EaIvE ATTE:N

W IC ik, F e Kla], # deg(F, z) #l lc(F, z) fiiic >y deg(F) Ml le(F).
S ( )

WK A, Gl Kla) PR B T, WAHER F e Kld, 47
FEME—H) Q, R € K[a] 15
F=QG+R, (1)

Hr deg(R) < deg(G).

A B e B RS L, AR (1) O F kT G R R ERVE
A3 (division formula), 1 Q A1 R 434 F X T G R (quo-
tient) F1Z2 20 (remainder).



2 1A

W RERASA

Bk 2 WRBR(Q,R) := Rem(F,G)

BN Z0IX F,G € K[z].
Biti: F 5T G Q AR\ R.
Q :=0; R:= F;l := deg(G);
while deg(R) > [ do
r := deg(R);
R:=R— (Ic(R)/1c(G))z"'G;
Q= Q + (Il(R)/1e(G))a" "
end
return (@), R);

Bl: 2 + 22+ 1 BRUA 22+ 3 € Q[a]



2 I A KA

W RERASA

Bk 2 WRBR(Q,R) := Rem(F,G)

WA ZUIA F,G € K[z].
Biti: F 5T G Q AR\ R.
Q:=0;R:= F;1:=deg(G);
while deg(R) > [ do
r := deg(R);
R:=R— (Ic(R)/1c(G))z"'G;
Q= Q+ (e(R)/ (G
end
return (@), R);

Bl: 2 + 22+ 1 B 22+ 3 € Q[a]
;2 4+ 224+ 1 BRLL 224 3 € Z[2]?



EPIE T TN 0 ro]%E

il (ThER, )

W F,G e Rlz], o A—"%76, H | = deg(G, ), m = deg(F, ).

i 1>0, WAFAE QR e Rlx) LEEEH 0 < s<m— 1+ 115
le(G, 2;)°F = QG+ R, H deg(R, zx) < L (2)

HIE s, W Q, R ME—HiE.

o RIEX (2) A FRXT G MR A (pseudo-remainder for-
mula)

o Q: FXI G KT z WA (pseudo-quotient), pquo(F, G, )

o RN FX GKT zy, H1th 45\ (pseudo-remainder), prem(F, G, )

o X FRT G LML (reduced): deg(F,1v(G)) < ldeg(G),
AR prem(F, G) KT G 2L



2 I A KA

EPIE T TN 0 ro]%E

%1 k% (Q, R, s) := Prem(F, G, z)
BN 2 F,G € R[], 227G 2, 113 deg(G, zx) > 0.
Wi F X G ORT o MO0 Q MDAt R, AR s {15 (1.4) 2dar.
R:=F;Q :=0;1:=deg(G,zx); s := 0;
while deg(R, zx) > [ do
r = deg(R, zy);
R :=1c(G,zx)R — lc(R, z1)z} ' G;
Q :=1c(G, 2;)Q + lc(R, z;)z; s

s:=s+1;
end
return (Q, R, s);

HRLIR F= 2P — 2 + 22y, G= o + 1. ORSDETT F
X GRT y KMARAAN
??F = 2zy— 2) G+ 2y — 22y + .

LSEIEER
pquo(F, G, y) = 2zy — =,

prem(F, G, y) = o'y — 2zy + .
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EZEMIE I
A F, KA LA

i F C K, WH Kk F ¥ 5 (extension field), M1 F A%
1 (base field).

>—l
o
E

WA AL 7] 2

W KCH F B MEE F= Y, caa® € Fla] & ac K", i
SHE a AR evy: [ 3 K

evg(F) := Z Co A%
HH eva(F) iEh Fla) K Floa.

o 17 F(a) =0, WF a K Ff/C” T2 A (zero).
o 1 FA—tZ AN, HEL ac K @WHN FAEKL P
HIH (root).
K Rz, W FRREIRE F A .



MR HAL

HAR
W Fe Fla, M KK F R X FEK PR o & (2—a)"| F,
1Ml (z—a)™ § F, WFK v 24 o IEAL (multiplicity), 11 a 4 F I r 5
W 2 r=11, a BA F KM (simple root); 2 r> 1 I, a Fx
h F JER (multiple root).

o Ly W EAR I I S I A
B3
wF =" 2 e Fla. X FMEXFEH (formal deriva-

tion) A m
F = Z ic; iy
=1

o N F) = (FUr-Vy ) SHUEF I IEAM R




B AE
G S B IR = DI ¢ R
o F=1+1€eF;sa, W FF =7

SRR
AR a € F, 15 sa = 0 BOLR B /D IEEEE s BOh F R%r
fIE (characteristic), it A char(F).
o MINAFAEIXFEHIHERL, WIFK char(F) = 0.
o XMEREI F, BA char(F) = 0, BA char(F) = p > 0, 3
Hop E A

fiir il ( )

B F e Fla], WHHIS58ROL:
@ i char(F) =0, W F =0 3{HY Fe F;

Q@ #ichar(F)=p>0, U F =0 ¥HMYHAE G Fla, £
3 F= G(aF), B} F e FlaP].




TR ) B

i ()

W char(F) =0, M F € Fla], WG58 AT

Q@ ok FIN r ERYHMYUXHTE i (0< i<, F9a) =0
H F(a) #0;

@ a FIifl r BRYEMY a & ged(F, F) I r— 1 FAR.

< F= ( —1)3(z—2)? € Q[a], W
=3(z—1)%(z—2)2+2(z—1)3(z—2)
=6(x—1)(z—2)2 +12(z— 1)%2(z— 2) + 2(z—1)3
= 6(x—2)2+36(z— 1)(z—2) + 18(z — 1)?

e FF(2)=0,F'(2)=2,F(1)=F'(1)=0,F"(1) = 6.
o gcd(F, F) = (z—1)*(z—2) = K FHHET?



A PR )

WK A F Ry mES SCK. #
o K ud F A S KGNt F A S AR, 2k FL9).
o B K s F A S M /N F AL S AR B, 1
H F(S).
o i S ={a,...,a,}, Wd F[S] = Fla,...,a,), F(S) =
F(ay,...,ay), TFK F(S) A F BIATFRAERS S5 (finitely gen-

erated extension).

il ( )

> S IV D7 (T = o
Flar,...,a| ={F(a1,...,a,) : Fe€ Fla]},

Flar,. .., an) = {M + B, G Flal, Glar, ., 00) 7&0}'




(% TIRST  UNEATE:N

RHoe. T

WK F Y, M ee K. HHEEEFEZHE F e Flof, fif
4 Fla) =0, W o i F _EWAREIC (algebraic element); 15
PR a A F LJEHOC (transcendental element).
o AP 1k (algebraic extension): #7 K HEENILHE F L
FRETT; 15 WIFR A B 55 (transcendental extension).

woreQ W /roh Q EMARHTT, BUVER 2™ — re Q[a] IR,
I e A #2 Q ERpEMIT (UEWIRZIEL AL 7).

U EZIEN

W oa st F _ERAEOT, #8 Fla] T2 Pa) = 0 KRB G

— 20X PN afe F EMNZI05 (minimal polynomial), it
YE min(F, a).



ey 22 A P i

A HEIANR], AREOT RN 2 IR AT ] REAS )

i Q RMC ERMAETC, %% min(Q,i) = min(R, i)
2 + 1, Iff min(C,i) = z —1i.

1) = 1) =

e

K h F Hy g, a € K4 F ERAREIG. 4 P=min(F,a),
m = deg(P), W N 4518 %7

Q@ P F LAWY,

Q@ % Ge Flz, | G(a) =0 H{HAIY P|G,
© 7(a) % Flal/(P), M\Ti F(a) R AN G Y A ME — 3R
jJZ, o cid’, HH ¢ e F;

Q l,q,...,a" ' 2 F HEE

i) F(a) H—41%E
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2 FRRE

m 1
F:Zaizi, G:ijijR[x]
=0 =0
b an,, b #£0, H om, 1> 0.

F,G e Rl %F z 45K (resultant) & X h
Res(F, G, z) := ainb;”ﬁ]_l[(az- — Bj)s
He o, (1<i<m) B (1 <j<zl;16]j\_7%0% F R G K.
o Res(F, G,z)=0 M HAY FF G AAKN, HESKIF

m l
Res(F, G, ) = d, H Gloy) = (—1)™ H F(B;).

=1 j=1



2 I A KA

Sylvester 45z

Sylvester [

B m+ 1B 7 BE

Am  Am—1 ap
. . I
Ay, Qm—1 ap
by b1 bo
: - .
by b bo

M F R G XKT z [MSylvester (H/R4EWHr) HikE, 124E Syl(F, G, ).
o Syl(F, G,z) IRy 147 o7'F,... oF, F A (J51H1T)

Sylvester £t

MHEEFE Syl(F, G, z) BIATHIR N F A1 G KT z 1 Sylvester 45X,
1eAE res(F, G,z) = € WFH?



2 I A KA

Sylvester 45 ={

res(G, F,z) = (—1)™ det(Syl(F, G, z)) = (—1)™res(F, G, z)

F=1#+43z—-1, G=F =32+3 M

1 03 -1 O

010 3 -1
res(F,G,z)=det| 3 0 3 0 O =135,

030 3 0

003 0 3

H res(G, F,z) = (—1)%res(F, G, z) = 135.

e res(F, G,z) VS Res(F, G, x)?



25 o |

N

i ()

W F, Ge Rz WHifiw, WAHAE A, B € Rla], i3 AF+ BG =
res(F, G, z), H deg(A4) < I,deg(B) < m.

¥ Sylvester HiFERIZE 4 FIRLL 2™+ =7 SR B )5 —%1), 254

=t

Qm  Om—1 - ag #1F
[17%% p—1 [ F
by b1 - by LG
" ° . . " . . " . ) m
by by - G

K EIRFFERIAT 5 A% e A e T RV
o FEPEMIZH 3 RANEAL M, AT



25 P 1

e ()
W F, G e Rla] WHISCHras, W K2 &5
Q res(F, G,z) =0;
Q@ FHEFEZFZLIWMA A B € Rlo, 3 AF + BG = 0,
H. deg(A) < I, deg(B) < m.

o LML A AR

e ( )
% F, G € Rla] WHISCHR, W res(F, G, z) =0 H{HAY FA G
AT H AT

e VS Res(F, G, z) (= 0 M HAUCYA AILHR)?



2 N 2 I Re 2

5] -5 A9 53 ) A2 i 1] A

P=5+3-2=0
Py=2+65-3=0
0 ﬁ‘ﬁ Pl 5 P2 9%?[: I E‘]%fﬁ
R=res(Py, Py, m) = (522 — 1)%.  H AL T2
Q H R XT 2 MRS 2 = :I:%.
AN PL =05 Py =0, WIBRIYAEN 7 — 2 =0, i

=] o i
1~ xl—i\/g.

(b () ()

©

JIT A figt




2NN SR Ea stk

I (¥ 2 805 FE

ot 2
=Err YTEeT
He t A HEMEXT 2 My IR (= HES
5 1)
(1) %I)\%Iﬁil—ﬁt P = (t2 + 1).’1;‘— t, Py = (t2 + l)y— 2
Q I P 5 Py =T t 145

R =res(Py, Py, t) = 442 + y2 -2y

Q@ R =0 BUAPRIME AT (Why?)



i IRAR

L wSERUHEERLENADS -T2 AR TEANSET
[1] Sylvester £5X.: HIAN F, G € R[a] ! z, FiHih res(F, G, z).
o FLIAIHI N IR UEL R
res((£ 4+ D)z —t, (£ + 1)y —2,8) =422 +4* — 2y

2. P EaR R e fiddn 1 b 0 e Ak ) R, B THERD 2 R ik 2
BOTREPIE 2, y, 2 MR Z T

8 (L= 288

=g V=gric SEel

2 )

A% X 5 I ] K
o EAZTAENL iy i, A UEURE e A ] B P gk R S b
(Bl FE 2P BB LR, Ja BB Latex 5.
o LM 3 J 27 H, HH AR AT W zipSXfFBL “3H 55
PURE 1-0k 42257 dnda, DLRIFEA BROD IRE 40 K ik 2

zjwang@buaa.edu.cn.
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O ] Maple A, PR CLEATH WL IR A B A 22 X
()RR (RTS8 TN ) R AR resultant(F, G, x)...)

Q A Maple HA:5¢ LA MV I W] e 5 28 F 21 1 b 4L

o degree(F, x): IRMIZIAX F K TATT = IKEL

coeff(F, x, n): R\ Z WA F KT 2" R

Matrix(n): FJi&E—A n x n FIEFHFE

factor(F): J&[A|Z I F [P 070 i

S B RAEL T LALE 75 B S 1 R 48 % Matrix Assignment

LinearAlgebra[Determinant](M): R[FIHE M 47412

A for A Ar4 A O A Bk

Q 2 MITFEN LMAEIC s Al ¢, H2RL A — I men L —
ANETG, I

Q UETE Ry A A VR
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W F,..., Fs € Rlz) AAE. WRGAEZ TN He R[], fif5
Q@ M i (1<i<s), H|F,
Q@ MMIE PeRlz), & P|F; (1<i<s), Wl P|H,

HAHFR H N Fy, ..., Fs WHKAKF (greatest common divisor),
A ged(Fy,. .., Fy).

o M IEAAAE = R FRE A ME— BT DI — e A4

o Ml ME -, BATAHERAIIC = 2, 7, (1/2)z #2 2, 2% €
Qla] KB RKART

o gcd(Fu,...,F)=G: GH Fy,....Fs MR KART



AJ 2 T

R AME—Hr NI, F e Rlx] BAERTAIC o I T

dy;

Hrp CZ-ER[:L'l y Tk— 1,Lk+1~-~~>”],)ﬂ\u

o RH C'o,---,Cdk IR K ABTHRA F KT 2y, B (con-
tent), i A cont(F, zy).

o A7 cont(F, zy) KHHALTG, WIFK F KT oy, HAST (primitive).
B F/cont(F,x;) N F RT zp WIATRES: (primitive part),
161’5 pp(F, 71,)

Gauss 5] HE ( )

W R AME—MHEEI. 5 F,G € Rlz] KT z & AR,
W FG KT o WA AR




EATE

Euclid 5% 8 L/ — 02 0

®3%3 Euclid 5i% (H, A, B) := Euclid(F, G)
WA 20 F,G € Kz].
Hith: F A G M AT H, UL AR B, fliff H= AF + BG.
1H=F,L=GU:=0V=1A:=1,B:=0;,
2 while L # 0 do
3 (Q,R):=Rem(H,L);

4 H:=L;L:=R;

5 C:=A;D:=B;

6 A=U;B:=V,

7 U=C-QU;V:=D-QV;
8 end

s return (H, A, B);

o Y RN Euclid 553%: RN A, B € K[] 43 H= AF+BG
o UEMA: Z kM / frh H B2H KA
o @l: W K= ¥ R ?7?



2 R 74

2 A, B € Rz FRMALL (similar), ic/E A ~ B, WA
fEa,beR Hab#0,1fifF aA=bB FaMM b A A5 BIHH
RLZZL (coefficients of similarity).

2 Wi RS

W F,G e Rlz] H deg(F,x) > deg(G,z). MAEFZ AP
@J P1 = F,Pg = G,Pg,...,PT y\] F%D G ;%ﬂ: Tk, E‘J%Iﬁi\‘é‘%:&.
J7%1 (polynomial remainder sequence), 415 T 414 F AT

(1) Xﬁﬁ)?ﬁ ) (3 <1< r)v PZN prem(P’[—Qy Pl—lyxk)# 0;

@ prem(P,_1, Py, x3)= 0.

e Euclid ZI=AR)FH: P; = prem(P;_o, Pi_1,z1) # 0
o AIRZIARNXFFH: Py = pp(prem(Pio, Pi1, 1)) # 0



2 AT

LA R AP R AN T

i ()
W F,Ge Rlg AKT o MARZIA, 1l Pr = F,P, =
G,Ps,...,Pr J FH G KT o M2 RAFP5, W

ged(F, G) = pp(Pr, zy).

Example

F=o + mf + Py—ay+ o — 7,
G=ux — 21" + 22y — 22 + 2 + 22y

e Maple F£/#
o E: R o+ vy EPHMBIKREEEJLT T FEEZIK
= 1 11 NI T 5172



BTk M

Zy,[T1,- 0]
PRy Py

i=1,,s
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KRR m € Z, 7 XFZSWS ¢ Zlz] — Zm[a] A

qﬁm(z Cax™) = Z Cax™,

« «

Hr e, €Z,y, W2 ¢y = o mod m.
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Bk fi{E
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B ug, -y us € K, 1M ag, - .., a5 € K FIBELSE, WAFAE U € Klal:
Q deg(l) < 5;
Q@ Ula) =u; (0< i< s).

B3k 4 Newton ffifH 517 U := Newtonlntp(ay, . . . , as; uo, - - -, Us)
BN K s+ 1 ANME A ag, ... a5 Kug, ..., U,
Hith: U € Klz], W2 U(a:) =u; (0< i< s).

wy = Up; Up(T) := wp;
for k = 1to s do
v = 10 (ak — a);
wy, := (uk — Up—1(ax)) /vk;
Ur(z) := Up—1(2) + wi Hic:_ol(ﬂ? —a;);
end
U :=Us(z);
return U;
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Bk R A e B

P B R R B (
,ms € Z\{0} W H.2, T r1,...,7s € Z, WAFELE r € Z,

r=r; modm; (1<i<s),

HH r EWL 0 < r<my - mg BISAFTZME—H.

k5 BEUE M TP ERERES r = CReminty(ry, .. ., Te; M, ...y ™)

BN, ry €ZHNmy,..., my € Z\{0}, P m; WP L%,
W rezZ ffSr=r, modm; (1<i<s).
M :=my;r:=r; mod m,;
for k = 2to sdo
c:=M~' mod my;
r’:=r mod M;
o :=(rr, — r')c mod my;

r:=r+oM;
M .= Mmy;
end
return 7;

HEE I 1) w8 A LA



vk p 4 e B

AEFR: 22 I AR T 1 L3 4 e B

W P,...,Ps € Ko WHER. id P=[], P Q= P/P; T U;
HoQ; B P I, Bl U;Q; = 1 mod Pi. XATE Ry,...,Rs €
Kla, & H=35_, Q;UiR; W He K[a] K

H=R; mod P; (1<i<s)
I, B H B0 2 deg(H) < .1 deg(P;) HIZRAET A& ME—K.
o Q; 15 Py A
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EATE

Bk —AMlr

K F A G MEBKAKT (WETT < y< )

F=2" 42242+ 1383y2 — 21 222+ 3% + 26 22422 — 422242
+ 222 + 392y — 63z’ 2+ 4 zyz + 6,
G=1a5+132%y2 — 21 ' P2+ a2+ 2ty + 323 + 1322922 + 1322422
— 21232 — 21 Pyt z+ 132y — 2l a2+ 222+ 22y + 2.
i WEE pr = 11, K ged(Fiq, Grr), XK
Fii=0 4284 yz4+2083y2 + PPz + 322 + 42222 + 222 2 + 242
—5ay? +3xlz+dayz— 5,
G = 2% + 2242 + P o+ atz+ dty+ 345 + 25292 + 22722
+ 2P+ Pyt 2yl + P a4 202+ 20y + 2.
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ey oy
Bk — M 1
(1) Bk deg(H, 2) < 3,deg(H,y) < 4, FrLALE Zqy HIEH 2 BIPUAS
A A 2, =5, =3,5, A 2 = 2,-5,-3,5 IR A H
¥ Hy = ged(Fua(z, y, 2), Gia(z, y, 2)).
(a) £ 2 =2 I,
Fii(z,y,2) = 22° —4a'y+ 523y + 4% — 32° + 224
+ 3229y +42% +ay+ 52 — 6,
Gii(z,y,2) =545 =52ty — a'y® — 221 — 223 — 547y
+32%° —42P 2% fay—2xy® — 4z -2
NMAE Zyy FREHUER y 19 5 NIRRT 1,3,5, 4,4, JFH Eu-
clid 5L NVHE Hiy (2, y;, ) = ged(F11 (2, y5,2), Gri(w, y;5,2))

Hy(1,1,2) =2 —24+2 mod 11,
Hii(7,3,2) =2°+2+2 mod 11,
Hn(a:52) =2 +424+2 mod 11,
Hyi(z,—4,2) = 2> +52+2 mod 11,
Hyy (2,4, ) =4 —52+2 mod 11.
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By — A5
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(b) MHRESEILHSE Hi(z gy 2). 2 Piy) = [Lwly — ), 3
1< i< 5 il Lagrange o E A X 15

Hyy(z,9,2) ZHH 2, Y1, 2) Pi(y) Pi(y;)

=43 +2xy —3zy+2 mod 11.
(2) B, ST 2 (535N =AM

Hiy(z,y,—5) =2 =52y —5ay+2 mod 11,
Hy(z,y,—3)=2® —3ay® —42y+2 mod 11,

Hyi(z,9,5) =2 +525° —52y+2 mod 11.

(3) A4S

Hyi(z,y,2) = ged(Fu1, Gi1) = 22 + 222+ 22922 + 2 mod 11.



EATE

Bk — M IV

W Wope = 17, RS — S IS
Hy7(z,y, 2) = ged(Fy7, Gi7) = 2° — 4Pz — 4day? +2 mod 17.
=00 B Hyy R Hyp KT o 897 AR TR, R v ) 4 o RS
HEESHKH] H= 2% - 21 aP2+ 132y + 2 € Zn, y, . &
5, FLAS A AICK R B KA TR F

o FEAIEHEL: unlucky prime numbers

o fifH: Mibiidi{E
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FAEEHZ I FEERT, AT Ge Rl2\ R i3 G* | F,
WFR F e Rz LI R+, fifk F I FJ7 (squarefree).

A7 (iEW)

WK R, T Fe Flo. & ged(F, F) =1, W F V5.

G FJ7 53 i

SEX Fe Rla] Ik F =115, Fi, A F; e R[4]
IV, HHY i # i, ged(Fy, Fj) = 1. BRETH sfr(F) =
[T5, Fi h FITEFJ7£EBE (squarefree associate).

o [Hnfil: LT Tr o, s A 2 I Te Uy



Z TG 7 70 i
o U*%JE char(K) = 0 [W1ETE

4 (i)

W FeKg\ K, Hh char(K) =0. &

P=ged(F,F), Q=F/P, S=gcd(P,Q), T=Q/S,

M Q = sqfr(F), S=sqfr(P) = P/ged(P,P), T T 7& F AW

LI T TR,
= P F} Fj F; )
F = G F, F? Fit :
P = Fy F§ it ;
Q = . Fy Fj F; ;
R F, Fy F; ,
P/S = Fs Fi?



2 AT

2 W T J7 93 1

®ixe Io¥iim I, F} = Sofree(F)
N 20 F € Klz).
Wil: F e vJinm F =11, F;.
i:=1;L:=1;8:=F,
P:=gcd(F,F');Q :=F/P;
while deg(S) > 0 do
S :=ged(P,Q);T:=Q/S; L:=LT¥
Q=S;P:=P/S;i:=i+1;
end

return L;
WHZIN F=12 — 22 € Qa] MKV

o 7. char(K) = p I AANF? Hlt F= 2P € Fylq]
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o HWig¥IL: MMEL (EXIFH)

o 4ixl: 45N X, Sylvester 45X MR IERIPE . 2845
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